R.M. Kashaev conjectured that the asymptotic behavior of his link invariant, which equals the colored Jones polynomial evaluated at a root of unity, determines the hyperbolic volume of any hyperbolic link complement. We observe numerically that for knots 6 3 , 8 9 and 8 20 and for the Whitehead link, the colored Jones polynomials are related to the hyperbolic volumes and the Chern-Simons invariants and propose a complexification of Kashaev's conjecture.
introduction
In [4] , R.M. Kashaev defined a link invariant associated with the quantum dilogarithm, depending on a positive integer N, which is denoted by L N for a link L. Moreover, in [5] , he conjectured that for any hyperbolic link L, the asymptotics at N → ∞ of | L N | gives its volume, that is vol(L) = 2π lim N →∞ log | L N | N with vol(L) the hyperbolic volume of the complement of L. He showed that this conjecture is true for three doubled knots 4 1 , 5 2 , and 6 1 . Unfortunately his proof is not mathematically rigorous.
Afterwards, in [8] , the first two authors proved that for any link L, Kashaev's invariant L N is equal to the colored Jones polynomial evaluated at exp 2π √ −1/N , which is written by J N (L), and extended Kashaev's conjecture as follows.
where L is the simplicial volume of the complement of L and v 3 is the volume of the ideal regular tetrahedron.
Note that the hyperbolic volume vol(L) of a hyperbolic link L is equal to L multiplied by v 3 . This conjecture is not true for links in general, as J N (L) vanishes for a split link L. Note also that it is shown by Kashaev and O. Tirkkonen in [3] that the volume conjecture holds for torus knots. See [10] and [13, 12] for discussions about Kashaev's conjecture for hyperbolic knots from the viewpoint of tetrahedron decomposition. In this paper, following Kashaev's way to analyze the asymptotic behavior of the invariant, we observe numerically, by using MAPLE V (a product of Waterloo Maple Inc.) and SnapPea [11] , that for the hyperbolic knots 8 20 , 6 3 , 8 9 , and for the Whitehead link, the colored Jones polynomials are related to the hyperbolic volumes and the Chern-Simons invariants. Note that the knots 6 3 and 8 9 are not doubles of the unknot.
We also discuss a relation between the asymptotic behavior of J N (L) and the Chern-Simons invariant of the complement of the above-mentioned links L, and propose the following conjecture. Conjecture 1.2 (Complexification of Kashaev's conjecture). Let L be a hyperbolic link. Then the following formula holds.
where CS(L) is the Chern-Simons invariant of L [1, 7] . Note that the complement of L is a hyperbolic manifold with cusps.
Preliminaries
First we will briefly review the colored Jones polynomials of links following [6] . It is obtained from the quantum group U q (sl(2, C)) and its N-dimensional irreducible representation.
Let L be an oriented link. We consider a (1, 1)-tangle presentation of L, obtained by cutting a component of the link. We assume that all crossing and local extreme points are as in Figure 1 . We can calculate the N-colored Jones polynomial J L (N) evaluated at the N-th root of unity for L in the following way. We start with a labeling of the edges of the (1, 1)-tangle presentation with labels {0, 1, . . . , N − 1}. Here we label the two edges containing the end points of the tangle by 0. Following the labeling, we associate a positive (respectively negative) crossing with the element R ij kl (respectivelyR ij kl ), a maximal point ∩ labeled by i with the element −s −2i−1 , and a minimal point ∪ labeled by i with the element −s 2i+1 with s = exp π √ −1 N as in Figure 1 .
Here R ij kl andR ij kl are given by
After multiplying all elements associated to the critical points, we sum up over all labelings. Here we ignore framings of links.
Let us calculate the colored Jones polynomial of the Whitehead link as an example. We can label each edge in the following way, noting Kronecker's deltas in R ij kl andR ij kl . We have to rotate a crossing where edges go up. In that case we use ∪ and/or ∩ to calculate the invariant.
Then we calculate the formula 
The Chern-Simons invariant of the connection A is then defined to be the integral
where the integral is over a section s of the SO(3)-bundle (i.e., an orthonormal frame field on M) [1] . If M is hyperbolic we define cs(M) to be the Chern-Simons invariant of the connection defined by the hyperbolic metric. The definition of the Chern-Simons invariant for hyperbolic three-manifolds with cusps is due to R. Meyerhoff [7] . It is defined modulo 1/2 by using a special singular frame field which is linear near the cusps. See [7] for details. See also [2] how it is computed by SnapPea [11] . Throughout this paper we use another normalization CS(M) = −2π 2 cs(M) so that vol(M) + √ −1 CS(M) is a natural complexification of the hyperbolic volume vol(M) (see [9, 14] ).
Knot 8 20
In this section, we discuss a relation between the asymptotic behavior of the colored Jones polynomial and the Chern-Simons invariant for the knot 8 20 . We label each edge in the diagram of the knot in Figure 3 . The N-colored Jones polynomial of the knot 8 20 is given by
We review of the technique in [5] . For a complex number p and a positive real number γ with | Re p| < π + γ, we define
Here Re denotes the real part. This function has two properties:
We put
Following Kashaev's way, we rewrite the formula (2) as a multiple integral with appropriately chosen contours. (Note that there is considerable doubt as to the contours.) By using the property (b), it can be asymptotically approximated by
with γ = π/N. Here x, y, z, u, and v correspond to q −i , q j , q k , q −l , and q m respectively, and
Stationary points are solutions to partial differential equations
From these equations, we have the following system of algebraic equations
x.
Using MAPLE V, we get a stationary point (x 0 , y 0 , z 0 , u 0 , v 0 ) which satisfies the conditions
from the range in the summation in (2) , and
where Im denotes the imaginary part. Note that the range of (2) can be read as
To put it concretely,
Then we obtain − Im V 8 20 (x 0 , y 0 , z 0 , u 0 , v 0 ) = 4.1249032 . . . ,
−
Re V 8 20 (x 0 , y 0 , z 0 , u 0 , v 0 ) + π 2 2π 2 = 0.1033634 . . . . (8 20 ) and CS(8 20 ) given by SnapPea [11] , we see that the following equation holds up to digits shown above.
Applying values of vol
.
Note that CS(8 20 ) is defined modulo π 2 .
knot 6 3
Let us calculate the colored Jones polynomial of the knot 6 3 using the labeling as in Figure 4 . Putting k = n 1 + n 2 and using the formula in [8] 
The colored Jones polynomial of the knot 6 3 is given by
which can be rewritten in the integral
Here z, u, and v correspond to q k , q l , and q m . Then there exists a stationary point
From values of vol(6 3 ) and CS(6 3 ) given by SnapPea, we see that the equation
holds up to digits shown above.
Knot 8 9
We label the edges of the (1, 1)-tangle presentation of the knot 8 9 as in Figure 5 . Figure 5 We obtain the following formula of the colored Jones polynomial of the knot 8 9 , where we put l = m 1 + m 2 + k 1 + k 2 and use the formula (3):
× q (m 2 −m 1 )(l−m 1 −m 2 )+(n 2 −n 1 )(l−n 1 −n 2 )+m 2 −m 1 +n 2 −n 1 , which can be asymptotically approximated by
where x, y, z, u, and v correspond to q −l , q m 1 , q m 2 , q n 1 , and q n 2 respectively, and
Consequently we have − Im V 8 9 (x 0 , y 0 , z 0 , u 0 , v 0 ) = 7.5881802 . . . , It follows from the calculation by SnapPea that
, up to digits shown above.
Whitehead link
For the final example, we calculate the limit of the colored Jones polynomial of the Whitehead link given by (1) , which can be changed to the formula
This can be asymptotically approximated by
and x, y, and z correspond to q i , q j , and q k respectively. For a stationary point (x 0 , y 0 , z 0 ) = (∞, ∞, 1 + √ −1), we obtain
Since these values agree with SnapPea, the equation
Conclusion
We have shown the following by concrete calculations. holds up to 6 digits.
We note that Observation 7.1 also holds for the knots 4 1 , 5 2 and 6 1 by calculating Kashaev's examples in [5] using MAPLE V and SnapPea.
Therefore we conclude that the complexified Kashaev's conjecture is true, up to several digits, up to choices of contours when we change summations into integrals, and up to choices of saddle (stationary) points when we approximate integrals by the saddle point method, for the six hyperbolic knots above and for the Whitehead link.
Finally we propose a topological definition of the Chern-Simons invariant for links. Note that if the complexified Kashaev's conjecture is true then the topological Chern-Simons invariant of a hyperbolic link coincides with its Chern-Simons invariant associated with the hyperbolic metric. Moreover if the volume conjecture is true then the colored Jones polynomial would give both the simplicial volume and the topological Chern-Simons invariant for any knot.
